A scheme is described for analytical calculation of critical-state magnetization 11/1 of superconductors in the geometry of long rectangular slabs and cylindrical specimens in a parallel magnetic field. The simplicity of the general scheme is demonstrated by deriving compact expressions for the ascending and descending field branches of M in the exponential model Jc=jcO exp (-BIB,) and in the Rim, Hempstead, and Strnad model [Phys. Rev. 129, 528 (1963)], Jc=jcol( 1 + BIBo). The analyses focus on the vertical width AM of large field magnetization hysteresis loops. While Bean's result [Phys. Rev. Lett. 8, 250 (1962)-j, J,mAM, today is used extensively to infer the critical current, it is well known that the method lacks consistency when a field dependence is seen in AM. For the two models it is shown explicitly that in the expansion of the functional relation AM( J,), Bean's result corresponds to the lowest-order term. Also to the next order in the functional expansion we find a unifying form of expressing the model behaviors. This term contains the second derivative of J:(B) with a prefactor that depends on the sample geometry.
I. INTRODUCTION
Whenever flux pinning centers are present in a type-II superconductor the distribution of penetrated flux will be nonuniform and depend on the past magnetic history of the specimen. To describe this behavior, Bean' introduced in 1962 the critical-state model, which in recent years also has been applied extensively to studies of high-temperature superconductors. In this model one assumes that the local current density, which by Ampere's law is associated with the nonuniform flux distribution, has a certain magnitude J,. This critical current, which originally was taken as independent of the flux density, has in later refinements been given various dependences on the local induction magnitude B. Up to now the most frequently used B-dependent critical-state functions are due to Kim, Hempstead, and Measurements of the irreversible behavior in magnetization has become a standard method to determine J, and its dependence on B in a superconducting sample. On the other hand, one has today no means to derive J, (B) directly from a given set of data for the vertical width AA4 of the magne tization hysteresis loop. This is due to the fact that A.M is not a function of J, , but rather a functional. For a given magnetized state the magnetization depends on an integral of an a priori unknown function J,(B). Thus, in order to analyze data one relies on the applicability of a chosen model function which also should be integrable.
Most commonly one uses the simple result of Bean's model, namely , that J, is proportional to AM, or
where d is a length characteristic of the sample size and geometry. A measured field dependence of AM is then used together with Eq. (3) to get the B dependence of J,. This method is not self-consistent, and errors are inevitable. The inherent problem has been discussed by several authors,4.8 and it has been shown that Eq. (3) gives misleading results for small fields if the sample actually behaves in accord with Eqs.
(1) and (2). A second method is to choose a particular function J,(B), from which one computes AM and fits model parameters in a consistent manner.6V7 For this far more attractive approach to be versatile, one needs the solution of different models in various geometries at hand.
Based on the Kim and co-workers model, Chen and Goldfarb4 derived analytically the magnetization curves of an infinitely long sample of any rectangular cross section placed in a parallel field. They also showed that the results are applicable to other simple shapes such as the circular cylinder. In their treatment of A&f versus applied field H they found that for this model Eq. (3) an infinite slab and ~=I/20 for a cylinder, and conclude therefore that the error in using the simpler Eq. (3) is much smaller for the cylindrical case.
Applying the same scheme of calculation, Chen, Sanchez, and Muiiozg later derived expressions for the magnetization using the exponential model. That article, however, contains no analytical discussion of AM. The long expressions containing numerous nested definitions of terms make such further analysis difficult.
In the following section we describe a different scheme of calculating the critical-state magnetization for the general slab and cylinder geometries. The scheme readily leads to compact formulas for the ascending and descending field branches of the hysteresis loop. This is demonstrated in Sets. III and IV, where the two models, Eqs. (1) and (2), are treated. In the discussion of the results we focus on the analysis of AM, which is the central quantity for comparisons with experiment. For the Kim and co-workers model we confnm Eq. (4), although with a different value for s in the cylinder geometry. We also derive a similar relation for the exponential model. A main result of this article is to show that the second term in the expansion can be expressed in a unified way, i.e., written on a model-independent form. In Sec. V this result is generalized, and we derive the two first terms in the expansion of the functional AM(J,), valid for any critical-state function J,(B) proposed in the literature.
Consider an infinitely long superconductor of rectangular cross section. Let 2w and 2w/a! denote the short and long side of the rectangle, respectively. The parameter Q, which is the aspect ratio of the cross section, can have any value within the range O=%Y=G~, where rw=O corresponds to the i infinite slab geometry. We use a coordinate system aligned I with the sample as shown in Fig. 1 . The applied magnetic field H is directed along the z axis, and we define B, from H=(B,/&.
In this work we consider only systems with isotropic properties in the xy plane. As argued in Ref. 4, a valid assumption for this case is that the fiux penetrates equally from all sides. This implies that the current flows in a pattern of concentric rectangular loops in the xy plane, where each loop is equidistant from the external boundary. By definition, the magnetization is evaluated by integrating the magnetic moment of these loops divided by the total sample volume. This is expressed by a! w M=--T I 4w-0 Ab)j,bW.
(5)
Here j,(x) denotes the current density crossing the x axis at a given positive x, and A(x) is the area enclosed by the current loop,
Note that in Eq. (5) the sign of j, with respect to the y axis correctly gives the sign of M. We want to determine M as function of applied field when cycled through a major hysteresis loop. As usual when discussing critical-state models, we neglect the lower critical field and surface effects. Figure 2 illustrates then the sequence of different situations that occur during such a cycle. Except for an interval immediately after the field sweep direction is reversed, which we omit in the present discussion, the flux density profile will always be such that x(B) is a single-valued function wherever jY#O; thus, B can be used instead of x as integration variable. From Ampere's law, j,dx= -dBlpo , (7) and Eqs. (5) and (6), the magnetization can therefore be written as
BtIl
Here X=x/w, and B, is the induction at the midpoint.
The profile function X(B) is obtained by integration of Eq. (7), which gives (9) The current density j,(B) has the magnitude of the actual critical-state function J,(B), and the sign is the opposite of that of the slope dBldx.
One sees that in order to calculate M analytically in the present geometry a requirement on the critical-state function is that its inverse is twice integrable. The second integration involves the square of the first obtained function, which represents the induction profile. A majority of the critical-state functions proposed in the literature satisfies this condition, and in fact leads to integrals that are easily solved.
The above scheme of calculation is different from that of Chen et aL4, ' for the same geometry. The connection between them is seen by integrating Eq. (8) 
One can benefit substantially by properly choosing the scheme of integration according to the aim of the analysis. As pointed out in Refs. 4 and 9 also geometries other than rectangular can be directly included in such analyses. In particular, the case a= 1, in this article, applies to both square and circular cross sections, with the cylinder diameter being equal to 2w.
In the following two sections we apply Eqs. (8) and (9) to derive M(B,) for the two important critical-state models, Eqs. (1) and (2). In both cases we define k = ,uunjcow/Bo , (12) as a dimensionless parameter. Moreover, throughout this article, whenever induction symbols are typed in lower case it indicates that the quantity is normalized by Bo; we define ba= B,IBo, etc.
Ill. EXPONENTIAL MODEL A. Increasing field
Assume that initially the superconductor has been cooled below T, in zero field. As the field is steadily increased the penetrated flux will, in the part of the sample used in the calculations, have a density profile with dBldx>O [see Fig.  2(a) ]. Thus, jY= -J, where in this model J,(e) is given by Eq. (2).
From EZq. (9) we obtain the profile function x+; s B"eB'~~o dB'/Bo = 1 -$a -,&y/k.
03) 6
ln the first stage of magnetization the flux enters the sample only in an outer layer of thickness S. This penetration depth is given by s=l-X(b=O)=(eb+l)lk. 
1. O<b,sb6,
The virgin branch of the magnetization curve is found from Eq. (8) setting the lower limit of integration equal to zero. With X given by Eq. (13) one obtains
By expanding the expression in powers of 6, one finds
which shows that the initial slope of ,@4 vs B, equals -1.
b,ab,,
When the applied field exceeds the full penetration value the midplane induction b,n, becomes nonzero and dependent upon b,. We find b, as the b satisfying X=0 in Eq. (13), i.e., b,=ln(eba--k). The situations under discussion are illustrated in Fig.  2(b) . When the applied field has been lowered from its maximum value by a sufficient amount the induction gradient has changed sign throughout the sample. In these situations we havej,=+J,.
From Eq. (9) one sees immediately that changing the sign of j, leads to a new profile function given by Eq. (13) with the substitution k-+ -k, i.e., x= 1 -(eb-ebqk. (20) Again, setting X=0 we find now b,=ln(eba+k). 
In the inner region, 0 =GXGXa , integration of Eq. (7) 
The midplane induction is found using that X(')( b = 0) =X0, which gives b,=ln(2+k-e-'a).
In the outer region, XaGXGl , Eq. (9) can again be applied. Since B<O we set j,,(B) =J, ( -B) and obtain (26) Fire 3 shows the ascending and descending field branches of the magnetization loops obtained for the aspect ratios a=O, l/2, and 1. The plot covers the range -4b,~b,~4b,, and we have set k=l. 'By this choice one can see that our curves agree with Fig. 3(b POM 1-ff In the special cases of cr=O (infinite slab) and CY= 1 (cylinder) all our expressions for M coincide with the results given in Ref. 8.
In Fig. 4(a) we show how the vertical width, p&MIB,, between the branches in Fig. 3 is reduced as the applied field increases. When plotting the same data with a logarithmic y axis, as in Fig. 4(b) , it becomes evident that the curves form a set of nearly perfect straight lines over the entire range b,>b,.
This suggests that in this region AM to an extremely good approximation is proportional to the exponential function J,(B,), with a proportionality factor depending on cr. To verify this analytically we use the expressions for M found in Sets. III A 2 and III B 1, which gives By expanding in the quantity ke -ba we find can never be large at b,=bp, and it always decays exponentially fast as b, increases. Because of the rapid convergence toward a straight-line behavior it should in practice be possible to judge critically from a log plot of experimental AM data whether the exponential model is a proper choice. Provided that the measurements include a range above the full penetration field, and that this model is a reasonable one, the high field part of a log plot is fitted well by a straight line. The parameters jCo and B. can then be found from the line's slope and intersection with the vertical axis according to 
One sees directly that the initial slope of m vs B, equals -1. As in the treatment of the exponential model we can for this region make use of the substitution k~--k, and from the results of Sec. IV A 2, we immediately get (41) The remaining part of the magnetization curve again follows from the condition M( -b,) = -M(b,). For both models we have verified analytically that the expressions combine to give a continuous ascending and descending branch in the magnetization curve.
C. Width of hysteresis loop
The magnetization for ascending and descending applied field is shown in Fig. 5 for cu=O, 0.5 and 1, again using k=l. The corresponding hysteresis width AM is plotted in Fig.  6 (a) as a function of applied field. Also for the Kim and co-workers model it is possible to produce essentially linear graphs above the full penetration field; this is now obtained by plotting l/AM as shown in Fig. 6(b) .
To derive the analog of the expansion Eq. (31) we subtract Eqs. (36) and (38) which amounts from l/36 (a=O) to l/60 (a=l) for k=l. Again the rapid convergence of the expansion justifies the use of a simple graphical test of applicability, similar to the one suggested for the exponential model. This time l/AM should be plotted against the applied field, and again if the high-field behavior appears linear, the model parameters j, and B, are determined by the fit of a straight line.
V. DISCUSSION
By inspection we see that in both Eqs. (31) and (44) We now show that this unified form in fact holds for any critical-state models for the present geometry. Let BT(X) and B I (X) denote the internal induction profile in the ascending and descending field situations illustrated in Fig. 7 . The difference in magnetization between the two states equals
where we here have used the alternative magnetization formula, Eq. (IO). Expanding the profiles in a Taylor series about X= 1 gives
and a similar series for BL(X). From Ampere's law one has B;(l) = powJ,(l) and B;(l) = -,~~wJ,(l), where in this context J,(l) means J,(X= 1). It is readily seen that the second derivatives of BT and BL become equal, also in sign, and the terms cancel in Eq. (46). The third-order terms again have opposite sign. Thus, one obtains
Equation (46) (45) is that the sample's geometry and magnetic properties, represented by the function J,(B), enter as separate factors. This allows us to discuss the significance of shape and size on a general basis.
First, we note that the leading term represents the Bean model result derived in Ref. 4. The second term, which obviously vanishes in the Bean model, has an a-dependent coefficient which monotoneously increases from 1 to 513 as LY is varied from 1 to 0. Thus, the geometrical aspect ratio of the sample determines only weakly the contribution of the second term. Nevertheless, the deviation from the leading order behavior will always be minimum for a sample of square or circular cross section. For the two models treated in the previous sections, the graphs in Figs. 4(b) and 6(b) illustrate this point.
It is clear that the relative weight of the second term in Eq. (45) can be altered much more efficiently through the quadratic factor w2. Physically, this is due to the fact that the second term represents deviations from a linear flux distribution. Such nonlinearities soon become less pronounced the thinner the sample.
We saw in the previous sections that in both models the size of the hysteresis loops is largest for the infinite slab case, a=O. Although this observation is consistent with Eq. (45), a general argument is most easily formulated from Eq. (8). If M, denotes the magnetization of an infinite slab of a given thickness, the magnetization of an equally thick finite slab can be written Ba p&f = poM, + CY I X( 1 -X)dB.
(52) Bl?t Along the ascending field branch one has B,< B, , and the integral is positive. For the descending branch B,> B, , and the integral becomes negative. Thus, when a is increased from zero both branches of M are shifted away from M, toward smaller magnitudes, i.e., the loop shrinks monotonically with larger a'.
Another point can be seen directly from Eq. (8). Together with the fact that a=1 includes the cylinder case where diameter equals slab thickness,4 it follows that the magnetization of a rectangular slab can be expressed as M=(l-a)M,fcU&,,
where M,, is the magnetization of the cylinder. Thus, the general slab has a magnetization given by a weighted sum of the results for two simpler geometrical cases.
Returning to the result, Eq. (45), we see that the relation between .J, (B,) and AM(B,) also can be written as follows: 
This describes how to go beyond the Bean model approximation when extracting J, from AM data without invoking a specific model. The very simple critical-state functions J,(B) that one uses today are, with few exceptions, motivated on a phenomenological basis. For future developments of microscopically derived models, the possibility shown here, to extract on a more general basis the function J,(B) from experimental data, seems to be important.
